Adjoint method-based sensitivity for field-scale history matching with large number of parameters suffers from several limitations. First, the CPU time depends on the data points which are large for any brown fields of long history; second, it requires large memory to save the gridblock pressure and saturation per each time step used in the forward model. Third, it is computationally expensive as it requires solving the Adjoint system of equations backward in time per each forward time step which is usually of high magnitude in case of field scale applications of long history. Lastly, the solver used for solving the Adjoint system of equations needs to be efficient for large-scale applications.
Introduction
Conditioning geological models to production data is an important step in reservoir modeling to build a reliable model to be used in predicting the reservoir performance and in proposing the optimum field development plan. Conditioning the geological or the static model to production data is typically known as "History Matching" which is considered the most time consuming phase in building a reliable model for the field. Thus, any reduction in the time taken for this phase is very important to speed up the modeling process as the majority of the development plans should be based on examining it on the model before accepting it for practical application. Accordingly, building reservoir model for each field becomes a commonly used practice in the industry and any improvement in speeding up the reservoir modeling process is highly demanded.
Different techniques are proposed to speed up the history matching process where all are grouped under what is called computer assisted or automatic history matching. [1] [2] [3] [4] [5] [6] [7] [8] [9] [10] [11] [12] [13] [14] [15] [16] [17] The automatic history matching procedure involves the following steps; First, the forward model formulation, second, the data misfit calculation, third, the sensitivity coefficient calculation, and finally an optimization algorithm.
First, the forward model used is the commonly used finite difference simulation, ECLIPSE, 18 which is general, robust, and can tackle different physical problems.
Second, the data misfit is the way of representing the error between the actual field response and the calculated response from the model which is the objective function required to be minimized using an optimization algorithm. Different ways are proposed to represent the data misfit; the amplitude misfit 7, 8, 9 , travel time 12 , and generalized travel time misfit. 10, [13] [14] [15] [16] [17] The generalized travel time is well suited for field-scale history matching as it considers all the observed data points and treat them as one objective function per well which is computationally efficient. 10, 16, 17 In addition, it has a linear convergence criteria compared to the amplitude misfit. 19 Third, the sensitivity calculations are the main core of the history match procedure, and at the same time the most time consuming step in the process. Many methods were developed to calculate the sensitivity coefficients. The adjoint method or the optimal control theory becomes more popular 7, 8, 9 due to its computational advantages, particularly when the number of model parameters are higher than the number of the data points.
Finally, an optimization algorithm is required to solve such an inverse problem. The gradient-based algorithms are commonly used in the automatic or computer assisted history matching process because the gradient-free algorithms can be computationally prohibitive for field applications, particularly when a large number of parameters are involved. The gradientbased algorithms are classified according to its search direction 20 into steepest descent, Newton, quasi-Newton, and conjugate gradient. The fastest among those are the Newton-type search as it has a quadratic rate of convergence in the vicinity of the solution compared to the quasi-Newton method which has a super linear rate of convergence and conjugate gradient or the steepest descent which have linear rate of convergence. The Gauss-Newton and its variations 20 are commonly used to solve the reservoir history matching problems.
Any reduction in the CPU time taken for the above mentioned steps of the automatic history matching is considered as a major step in reducing the time spent in conducting field study and building a reliable model that honors both the geological and the production data. In our work, we propose an approach to speed up the sensitivity calculation using adjoint method. All the previous work of the history match using the adjoint method obtains the sensitivity by solving the adjoint system of equations at time steps identical to the forward model time steps which is computationally expensive. In our work, we propose a fast and robust sensitivity calculation approach that overcomes this issue and is well suited for large-scale field applications. Our approach is based on solving the adjoint system of equations backward in time at larger timestep with reasonable accuracy compared to the conventional adjoint method. Our proposed approach exhibits high reduction of the CPU time reaches up to 90 % of the time required for the sensitivity calculations using the conventional adjoint method approach. Thus, it is considered an efficient way in reducing the time required for the history match process.
The outline of our paper is as follows. First, we give the mathematical formulation for the sensitivity of generalized travel time with respect to the model parameters using the adjoint method for three phase problems. Second, we propose a new approach of solving the adjoint system of equations at larger time steps than the forward model time steps. Third, we demonstrate the power of our proposed approach in terms of quality of sensitivity, and savings in CPU time and memory by comparing it with the conventional approach. Finally, we conduct a full history match process on a pseudo field example to illustrate the efficiency and utility of our approach.
Adjoint-Method Based Sensitivity for Three Phase Three Dimensions Reservoir Models
The sensitivity computation using the adjoint method requires three major steps 7, 8, 9, 10, 17, 21 : the forward model formulation, adjoint system of equations, and the sensitivity coefficient calculation. First, the forward model used is the commercial finite difference simulator ECLIPSE as it is robust and efficient for field-scale applications. The required output from the ECLIPSE forward model for the generalized travel time sensitivity calculation are the generalized travel time misfit at each producer, the pressure at each grid block for each timestep, water and gas saturation at each grid block per each time step, and the bottom hole flowing pressure at the wells at each timestep.
Second, the adjoint system of equations in complete discretized form 7, 16, 17, 21 as given in Eqs. 1 to 3 is solved backward in time to obtain the adjoint variables at each grid block per each time step.
[ ] A complete derivation of the above adjoint system of equations can be found elsewhere. 7, 16, 17, 21 The adjoint system of equations, Eqs. 1, 2 and 3 are solved backward in time for the adjoint variable l λ per each timestep using the condition,
Where L is the last timestep used in the forward simulation run.
In Eqs. 1 to 3, f m and A m are the flow and accumulation term, respectively, in the partial differential equation governing flow in porous media and are given in the discretized form (neglecting the capillary pressure) as follows: (5) )) ( ( 
Where, m stands for the flowing phase oil and water, and g for gas. It is important to mention that prior to solving the adjoint equations, we need to run the flow simulator and save the pressure and saturation for each grid block at each time step to compute the coefficients of the adjoint equations.
In our work, the source term in the adjoint system of equations, which is (g) in Eqs. 1 to 3, is the generalized travel time shift at the well j that corresponds to the production response that is required to be matched. In our case the required production response are the water cut and gas-oil ratio per each well. Fig. 1 illustrates the methodology used to calculate the generalized travel time shift per each well per iteration and Eq. 9 gives the formulation used to estimate the generalized travel time shift per each well. Fig. 1 shows the water cut as the production response. However the same methodology can be also applied for gas-oil ratio and any other response. This formulation assumes that we are shifting the observed response towards the calculated with all the data points are shifted with equal time shift. Thus, the generalized travel time shift at well j, taking into consideration all the data points, is given by (9) Where, ndj is the number of data points for well j, (i) is the index for the data point at time t i . Accordingly, in solving the adjoint system of equations backward in time, the gradient of the scalar quantity (g) with respect to pressure, water and gas saturation, as given in the right hand side of Eqs. 1 to 3, will be null vectors except at the time corresponding to observed data point time, where the non-zero elements in those vectors will be corresponding to the grid blocks containing producing wells only. It is important to mention that at each time step the adjoint system of equations, Eqs. 1, 2 and 3 are solved only n w times with the same matrix but with different right hand side for each production response to get the adjoint variables (λ). Thus, in case of matching two production responses which are, in our case, the water cut and gas-oil ratio, it is required to solve the adjoint system of equations (2n w ) times.
Finally, the sensitivity coefficients which are the sensitivity of the production response at each well with respect to change in history match parameter are calculated by Eq.10 using the adjoint variables obtained from the previous step. In our work, the production responses are the water cut and gas-oil ratio at each well, and the history match parameter is the permeability at each grid block.
Eq. 10 gives the gradient of the generalized travel time for the selected production response at well (j) with respect to the permeability at each grid block which represent a vector of order (Mx1). The combination of all the vectors representing the generalized travel time sensitivity for all the production response at all the wells is represented by a sensitivity matrix (G) of order (n w x M). In our case as we are dealing with two production responses which are water cut and gas-oil ratio, the sensitivity matrix (G) is of order (2n w x M). This sensitivity matrix is required by the optimization algorithm used to update the permeability field per iteration using Gauss-Newton.
It is proved that that the majority of the CPU time per iteration is spent in calculating the sensitivity matrix (G) using adjoint method and not in the optimization algorithm. 16 Thus, any reduction in the CPU time taken in the sensitivity matrix calculation will have a strong impact in the automatic history matching of the production response by the automatic change of the permeability at each grid block. The next section presents a proposed approach to speed up the calculation of the adjoint method based sensitivity.
Proposed Approach for Fast and Efficient Sensitivity Calculation
As mentioned before, most of CPU time for the automatic history matching process is consumed in calculating the adjoint method based sensitivity which depends mainly on the iterative solver used to solve the adjoint system of equations at each time step and also on the number of time steps used in the forward simulation run. The CPU time can be reduced whether by decreasing the number of time steps used of solving the adjoint system of equations backward in time or by modifying the solver. We used LSQR 22 as an iterative matrix solver which is robust and well suited for field-scale applications. 17, 23 So, we left with proposing a methodology to reduce the number of time steps used to solve the adjoint system of equations.
All the previous works of adjoint method based sensitivity used the steps of solving the adjoint system of equations identical to the number of time steps used in the forward model run, that is due to the constraint imposed in the formulation of the adjoint system of equations which requires that the flow equations should be satisfied at each time step so that the sensitivity of the augmented function (J) with respect to permeability at each gridblock is equivalent to the sensitivity of the generalized travel time (g) with respect to the permeability at each gridblock according to the following equations; Eq.12 is the oil, water, and gas flow equations at each timestep for l = 0 to L.
As seen from Eqs. 11 and 12, there is no constraints imposed on the size of the timestep used which means that the time steps used in the adjoint solution do not need to be identical to the time steps used in the forward reservoir simulator. Accordingly, we proposed an approach to solve the adjoint system of equations backward in time using larger time step compared to that used during the forward simulation run. However, to do that one may need to interpolate between the pressure and saturation values generated in a simulation run to obtain pressure and saturation values at time steps used in the adjoint solution. Due to the fact that the simulator problem is highly nonlinear, so interpolation of pressure and saturation at the timestep used in the adjoint solution may be inaccurate. Sudden change in the pressure and saturation during simulation run may take place due to existence of infill wells or change of well condition. To avoid interpolation of pressure and saturation that may cause inaccuracy in the solution of adjoint system of equations, we force the simulation to report pressure and saturation every certain fixed timestep (Δt) and solve the adjoint system of equations at this fixed timestep or its multiplication in order to assure that we will have exact pressure and saturation reported at the selected timestep. Solving the adjoint system of equations at larger time steps saves a considerable amount of CPU time and memory; however this will reduce the accuracy of the sensitivity calculation. Thus, selecting the optimum timestep to be used during the adjoint solution is a tradeoff between accuracy and fast calculation with less memory allocation and requires different sensitivity runs to come up with the best timestep used for the adjoint solution.
Different cases are given to compare the sensitivity from perturbation with that obtained using the conventional and our proposed approach for sensitivity calculation based on the adjoint method. The objective is to examine the accuracy of our proposed approach in the sensitivity calculation compared to the conventional approach with special reference to the amount of CPU time and memory saved using our proposed approach.
Case 1: Two-Phase, Three-Dimensional Problem
The model dimension of this case is 15 x 15 x 2; the data used for this case is given in Table 1 . This reservoir contains 1 producer and 1 water injector; it is a two phase oil and water flowing in the model. First, we calculate the sensitivity coefficient of water cut with respect to change in the horizontal permeability after 600 days of production using the conventional approach with solving the adjoint system of equations backward in time with the same timestep used in the forward simulation run. Second, we compare the adjoint method based sensitivity with that obtained from perturbation to examine its accuracy. Fig. 2 shows this comparison which reflects the high accuracy of the adjoint method based sensitivity in estimating the sensitivity of water cut compared to perturbation. As the permeability increases in the area between the injector and producer the water moves faster towards the producer and hence the water cut at the producer increases at a given time which shows positive values and the opposite is true in case of the permeability away from the area between the producer and the injector.
We applied our proposed approach on this case by using time step of adjoint system of equations larger than the forward model time step. We used steps 2, 4, 7, 10, and 15 times the forward model time step which is 20 days in this case; it means that we used adjoint timestep equal to 40, 80, 140, 200, and 300 days. Fig. 3 gives the comparison between the conventional approach and our proposed approach. It can be noticed that our proposed approach shows reasonable accuracy compared with the sensitivity obtained by the conventional approach. The quality of sensitivity depends on the size of the time step used during the adjoint solution. However, still the location of the positive and negative sensitivity values show minor change using larger time step in the adjoint solution which is important during the optimization algorithm. This proves the efficiency of our proposed approach in the accurate estimation of the sensitivity with high reduction in CPU time and memory as shown from This case is 13 x 13 x 1; Table 2 gives the data used for this reservoir model. There are 1 producer and 1 water injector in this model. The objective of this case is to test the accuracy of our proposed approach for sensitivity estimation under changing well conditions or introducing infill wells. We changed the producing well condition from producing with constant liquid rate of 50 STB/day to 500 STB/day after 500 days of production. We obtained the sensitivity of water cut at 620 days using the perturbation, the conventional approach of the adjoint method, and our proposed approach. Fig. 4 shows the comparison between the adjoint method and the perturbation; Fig. 5 shows the comparison between the conventional and our new approach. It is clear that changing well conditions reduce the accuracy of the sensitivity estimate using larger timestep compared to Fig. 3 . However, still the location of positive and negative sensitivity values gives minor change from the conventional adjoint method approach which reflects the efficiency of our proposed approach in estimating the sensitivity with significant reduction in CPU time and memory as shown from Figs. 8 a and b.
Case 3: Three-Phase, Three -Dimensional Problem
This case is a solution gas drive reservoir discretized into 5 x 5 x 2 with single well at the center completed in the two layers. The data of this example is given in Table 3 . We examined the efficiency of our proposed approach for sensitivity of gas-oil ratio at 450 days as seen in Fig. 6 and Fig. 7 which indicates the reasonable accuracy of our proposed approach of the sensitivity estimation at higher timestep for the adjoint solution with significant reduction in CPU time and memory as shown in Figs. 8a and b. From the previous examples, the comparisons between the conventional adjoint method and our proposed approach demonstrates the feasibility of our approach to reduce the CPU time and memory by a factor equivalent to the amount of the timestep multiplier used in solving the adjoint system of equations backward in time as seen from Figs. 8a and b. However, specifying an exact value to be used for the timestep multiplier in the adjoint solution is case dependent. Thus, it is recommended to run the sensitivity comparison under different timestep multiplier to select the optimum one for sensitivity calculation before starting the automatic history match process. This is considered an important step as it has the tendency to save more than 90% of the CPU time and memory required for the sensitivity and hence the automatic history match process.
Applications
In this section, we used a pseudo field case to demonstrate the power and utility of our proposed sensitivity calculation approach by examining the history match quality using the conventional and our proposed approach in matching the water cut and gas-oil ratio with special reference to the amount of CPU time and memory saved using our proposed approach. The reservoir for this pseudo field case is descretized into 20x15x8 (2400 cells) with four producers completed in the bottom 4 layers. Fig. 9 shows the location of the four producers. The reservoir is initially below the bubble point pressure, it has active gas cap and active aquifer. The initial field permeability is given in Fig. 10a , it is characterized by high permeability in the layer 7 from which most of the production comes; moderate permeability for both layer 5 and 6, while layer 8 has very low permeability. The vertical permeability is kept constant and is equal to 10 md.
The inversion is done using the new approach with time step equals to 10 times the forward model which is 18 days, thus the time step used in the adjoint solution is taken as 180 days. The prior covariance matrix of permeability which is used as a regularization term added to water cut and gas-oil ratio misfit terms is approximated using 5x5x5 stencil.
17 Fig. 10b shows the permeability multipliers after inversion along with the initial permeability in Fig. 10a for comparison purposes. Fig. 11 shows the "generalized travel time" misfit and the "amplitude" misfit of both the water cut and gas-oil ratio from all the wells as a function of the number of iterations. The amplitudes and generalized travel time (GTT) misfit are calculated using Eq.13 and 14.
( ) (14) It is clear that our new approach successfully reduces the misfit of both the generalized travel time and amplitude by more than 95 %. Fig. 12 and Fig. 13 show the water cut match, and gas oil ratio match respectively from the initial and final permeability model compared to the observed data. The water cut match of the final permeability is close to the observed water cut, and the gas oil ratio match has been improved from its initial match.
To examine the history match quality of our proposed approach compared to the conventional approach, we apply the inversion for this case using the conventional approach of the adjoint method and our proposed approach using (Δt adj =5 Δt forward ) along with the inversion examined before (Δt adj =10 Δt forward ). Fig. 14 shows the comparison of the misfit reduction for both generalized travel time and amplitude for the three timestep multipliers used in the adjoint solution. It is clear that the proposed approach has the same trend of convergence compared to the conventional approach which demonstrates the efficiency of our proposed approach in minimizing the misfit in the production response. The quality of the match after the inversion is given in Fig. 15 for water cut, and Fig. 16 for gas-oil ratio; the proposed approach has the same or even better in matching the wells water cut and gas-oil ratio.
Considering the CPU time and memory saving, Tables 4 and 5 summarize the CPU time and memory required for the sensitivity calculation and for the full history match process using the conventional approach of the adjoint method and the proposed approach with different timestep multipliers along with the percentage of reduction in CPU time and memory for the different cases. It is easily noticed that by using 10 times the forward model timestep in solving the adjoint system of equations, we were able to reach to about 85 % reduction in CPU time with 90 % reduction in memory allocated for this case.
Summary and Conclusions
In this paper we propose an approach to speed up the history match process for field application by minimizing the CPU time required for sensitivity calculation. We demonstrate the power and utility of our proposed approach using synthetic cases and a pseudo field case. Some specific conclusions from this study can be summarized as follows:
1. A commercial finite difference simulator (via ECLIPSE) is used in this study to model fluid flow in the porous media. The simulator is general and can account for complex physical behavior that dominates most of the field applications.
2. The data misfit is represented by a single generalized travel time misfit for each production response at each well. The generalized travel time inversion provides a unique advantage over the amplitude and travel time misfit as it depends only on the number of wells by reducing the number of data points into one per well. In addition, it ensures the matching of the entire production history. This saves computation time required during the minimization and makes this approach well-suited for field-scale applications.
3. We formulate the generalized travel time sensitivity with respect to permeability using adjoint method for 3D, three phase finite difference flow models. The generalized travel time sensitivity is applicable for matching both water cut and gas oil ratio and has great impact on reducing CPU time required for history match process.
4. We proposed a new approach to solve the adjoint system of equations at larger time steps than the forward model time step. The proposed approach can help in saving considerable amount of CPU time and memory required for calculation of sensitivity by the conventional approach. It makes the history match process using the adjoint method more feasible for large scale application as the new approach could save up to 90 % of CPU time and memory required for the sensitivity calculations.
5. We used the LSQR method as the sparse matrix solver for updating the model parameters during minimization and also in solving the adjoint system of equations backward in time. The approach is stable, fast and well-suited for large scale field applications.
6. We demonstrate the power and utility of our proposed approach for sensitivity calculation using synthetic cases to compare with the conventional approach. The comparisons illustrate the feasibility of our approach to reduce the CPU time and memory by a factor equivalent to the amount of the time step multiplier used in solving the adjoint system of equation. The new approach shows good accuracy for sensitivity calculation compared to the conventional approach for all the examined cases. However, it is recommended to run the sensitivity comparison under different time step multiplier to select the optimum one for sensitivity calculation before starting the automatic history match process as it is considered case-dependent.
7. The full history match process for a pseudo field case proved the feasibility of our approach in history matching the water cut and gas-oil ratio from four wells in much less CPU time and memory with high efficiency compared to the conventional adjoint method based sensitivity. The proposed approach shows a significant reduction of more than 80 % in CPU and memory compared to the conventional approach. for 500 days and then by 500 stb/d for the next 500 days)
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